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ON ALGEBRAIC AND COMBINATORIAL PROPERTIES OF WEIGHTED
SIMPLICIAL COMPLEXES
SELVI KARA
Abstract. Weighted simplicial complexes (WSCs) are powerful tools for describing weighted cloud
data or networks with weighted nodes. In this paper, we propose a novel approach to study WSCs
via the concept of polarization. Polarization of a WSC allows one to construct a new (unweighted)
simplicial complex which coincides with an object called the mixed wreath product. This new
construction preserves several properties and invariants of the underlying simplicial complex of
a WSC. Our main focus is to analyze WSCs through their underlying simplicial complexes and
mixed wreath products. Combinatorially, we investigate properties such as vertex-decomposability,
shellability, constructibility; algebraically, we study Betti numbers, associated primes and primary
decompositions of ideals associated to WSCs.
1. Introduction
Simplicial complexes are versatile objects due to their combinatorial nature and used in many fields
of mathematics such as commutative algebra and topology. They are also important tools for de-
scribing network structures such as protein networks [8], brain networks [10], collaboration networks
[22, 25], and many other structures in which there are interactions between nodes. In applications,
however, simplicial complexes are often weighted: for instance, in scientific collaboration networks,
teams of collaborators can be weighted by a measure of the strength of their collaboration (e.g., [5]).
Recently, weighted simplicial complexes have become popular in topological data analysis (TDA)
to study weighted cloud data by replacing the data with a family of weighted simplicial complexes
(see [5, 10, 28]).
The central purpose of this paper is to study weighted simplicial complexes (WSCs) through associ-
ated combinatorial and algebraic objects. We construct a new (unweighted) simplicial complex from
a WSC via polarization which keeps many properties and invariants of the underlying simplicial
complex of a WSC unchanged. In particular, we
• consider mixed wreath products of simplicial complexes and derive some of their properties
(Section 3),
• introduce the concept of polarization for WSCs; polarization of a WSC coincides with the
mixed wreath product (Section 4), and
• study monomial ideals associated to WSCs from a broader perspective through weighting
operation of monomial ideals (Section 5).
There are several different ways to define a WSC in the literature (see [6],[10], [18]) and we adopt
the following definition in this paper.
Definition 1.1. Let ∆ be a simpicial complex on the vertex set V and let w : V → N be a function
called the weight function which assigns a weight to each vertex of ∆. A weighted simpicial complex
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is a pair (∆, w) consisting of a simplicial complex ∆ and a weight function w on the set of vertices
of ∆. We call ∆ the underlying simplicial complex of (∆, w).
WSCs were first introduced in 1990 by Dawson [6] in which a weight function is defined on a
simplicial complex together with a divisibility condition for face weights. Dawson also established
weighted simplicial homology which coincides with the simplicial homology when all the faces have
the same weight. However, it differs from the simplicial homology in several ways, for instance, it
is possible for the zeroth weighted homology group of a WSC to have torsion. We refer the reader
to [6] for more details.
Apart from the use of WSCs as models in TDA, there is not much known about the combinatorial
or algebraic nature of WSCs. One of the few results concerning WSCs is that the Stanley-Reisner
ring of a WSC is isomorphic to the integral cohomology ring of a special polyhedral product called
the weighted Davis-Januszkiewicz space (see [1, Theorem 10.5]). Our approach to study WSCs
concerns their underlying simplicial complexes and the mixed wreath products.
In Section 3, we focus on the construction of the mixed wreath product of a simplicial complex
∆ and effects of this construction on the properties of ∆. The key idea behind the mixed wreath
product is the one-point suspension introduced by Provan and Billera in [24]; the first generalization
of one-point suspensions called wreath products were studied in [17]. The main results of this section
given below generalize results from [17]. In particular, we provide formulas for the f -vectors of the
mixed wreath product in terms of the underlying simplicial complex.
(Proposition 3.14) Given a d-dimensional simplicial complex ∆ on n vertices and positive integers
d1, . . . , dn, the f -vector of the mixed wreath product ∂∆(d1,...,dn) o ∆ can be expressed in terms of
f -vectors of ∆. In particular, we have
f0(∂∆(d1,...,dn) o∆) =
n∑
i=1
di + f0(∆), and
fd˜(∂∆(d1,...,dn) o∆) =
fd(∆)∑
i=1
n−d−1∏
j=1
(di,j + 1)
where d˜ := dim(∂∆(d1,...,dn) o∆) =
n∑
i=1
di + d and complement of Fi is a set {vi,1, . . . , vi,n−d−1} for
each d-dimensional facet Fi for 1 ≤ i ≤ fd(∆).
In addition to the above proposition, we investigate the properties preserved under the mixed
wreath product construction.
(Corollary 3.16) Let ∆ be a simplicial complex on n vertices and d1, . . . , dn be positive integers.
Suppose P is one of the following properties:
• vertex-decomposable,
• shellable,
• constructible.
The mixed wreath product ∂∆(d1,...,dn) o∆ of ∆ is P if and only ∆ is P.
A central notion introduced in this paper is the concept of polarization defined in Section 4. Polar-
ization is an operation applied to a WSC that results in the mixed wreath product of the underlying
simplicial complex studied in Section 3. The key idea behind polarization is to view each weighted
vertex of a WSC as a full simplex. During the polarization process, we replace a vertex of weight
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d with a full simplex on d-vertices while connecting boundaries of each full simplex to the rest of
the “polarized” simplicial complex.
Polarization of a WSC is inspired by the monomial polarization operation and can be seen as its
combinatorial analogue. As in the Stanley-Reisner theory, one can associate each WSC with a
monomial ideal called the Stanley-Reisner ideal. Thus, two polarizations are naturally related via
Stanley-Reisner ideals (Corollary 4.11). Through this connection, we obtain a list of important
shared properties between Stanley-Reisner ideals of a WSC and its polarization (Corollary 4.12).
The results from Section 3 and Section 4 provide a glimpse of the combinatorial nature of WSCs.
In Section 5, we turn our attention towards the algebraic investigation of WSCs through Stanley-
Reisner ideals.
Stanley-Reisner ideals of a WSC (∆, w) and its underlying complex ∆ are related through a mono-
mial operation called weighting. More specifically, the Stanley-Reisner ideal of (∆, w) is a weighted
ideal of the Stanley-Reisner ideal of ∆. In Section 5, we follow a more general treatment of the
weighting operation by focusing on monomial ideals (i.e., not only Stanley-Reisner ideals of simpli-
cial complexes) and their weighted ideals. A main result of this section, presented below, relates
the Betti numbers of a monomial ideal and its weighted ideal.
(Corollary 5.8) Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and (I, w) be its weighted ideal in
R where wi := w(xi) for 1 ≤ i ≤ n. Then
βi,(j1,...,jn)(I) = βi,(w1j1,...,wnjn)((I, w))
for each (j1, . . . , jn) ∈ Nn.
Betti numbers contain important information related to the structure and shape of many objects
from algebra, topology and geometry. For example, in TDA, one can encode the persistent homology
of the data set in a “barcode” using Betti numbers (see [7, 9]). In the case of weighted cloud data,
current computations of weighted persistent homology ([19, 26]) are based on the homology theory
developed in [6], which results in vanishing homologies for certain WSCs regardless of the topological
structure of the underlying simplicial complex ([6, Theorem 3.1]). In contrast, Corollary 5.8 provides
all Betti numbers of a WSC without introducing new homology theories; moreover, it preserves the
topological information of the underlying simplicial complex otherwise lost by methods of [6].
As a natural consequence of Corollary 5.8, we establish equality of certain algebraic invariants and
properties of a monomial ideal and its weighted ideal. In addition, by using completely different
techniques, we provide more compact proofs to several results from [27] concerning associated
primes, irredundant primary decompositions, normal torsion freeness, and the weighting operation.
Our paper is organized as follows. In Section 2, we collect the relevant terminology that will be used
in the paper. In Section 3, we study mixed wreath products of simplicial complexes. In Section 4,
we introduce the polarization of a weighted simplicial complex and obtain several relations between
the Stanley-Reisner ideals of a WSC and its polarization. In Section 5, we examine the effects of
the weighting operation on algebraic invariants and the structure of monomial ideals.
2. Preliminaries
In this section, we collect the necessary notation and terminology from Stanley-Reisner theory and
commutative algebra.
2.1. Stanley-Reisner theory. A simplicial complex ∆ on a (finite) vertex set V = V (∆) is a
collection of subsets F ⊆ V (∆) called faces (or simplices) with the property that if F ∈ ∆ and
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G ⊆ F, then G ∈ ∆. The dimension of a face is dim(F ) = |F | − 1 and the dimension of ∆ is
dim(∆) = max{dim(F ) | F ∈ ∆}. A facet of ∆ is a maximal face under inclusion, and we say that
∆ is pure if all of its facets have the same dimension.
A minimal non-face of ∆ is a set M ⊆ V with M /∈ ∆, but M \ i ∈ ∆ for every i ∈ M. Note that
a face of ∆ may be described as a set not containing a minimal non-face; hence, ∆ is completely
determined by its minimal non-faces. We denote the set of all minimal non-faces of ∆ by M(∆).
Let R = k[x1, . . . , xn] be a polynomial ring. The Stanley-Reisner ideal of a simplicial complex ∆
on a vertex set V (∆) = [n] = {1, . . . , n} is an ideal in R defined as
I∆ =
(∏
i∈F
xi : F ∈M(∆)
)
where vertex i of ∆ is identified with variable xi in R for each 1 ≤ i ≤ n. The quotient ring R/I∆
is called the Stanley-Reisner ring of ∆ and denoted by k[∆].
The full d-simplex, denoted by ∆d, is the simplicial complex consisting of all subsets of [d+ 1] and
its dimension is equal to d. Its boundary ∂∆d is the simplicial complex on [d+ 1] consisting of all
proper subsets of [d+ 1] and the dimension of the boundary is equal to d− 1.
The join of two simplicial complexes ∆ and Γ on the disjoint set of vertices is
∆ ∗ Γ := {σ ∪ τ | σ ∈ ∆, τ ∈ Γ}.
Note that the set of minimal non-faces of ∆ ∗ Γ is the union of the sets of minimal non-faces of ∆
and Γ. For a simplicial complex ∆, a cone of ∆ is a join of ∆ with a single vertex; a suspension of
∆ is denoted by susp(∆) and defined as susp(∆) = ∂∆1 ∗∆ where ∆1 denotes a full 1-simplex.
Let ∆ be simplicial complex and v be a vertex in ∆. The star of v in ∆ and the link of v in ∆ both
describe the local structure of ∆ around v.
st∆(v) := {G ∈ ∆ | G ∪ {v} ∈ ∆}
link∆(v) := {G ∈ st∆(v) | G ∪ {v} = ∅}
Note that st∆(v) = {v} ∗ link∆(v). The deletion of F ⊆ V (∆) from ∆ is defined as
∆ \ F = {G ∈ ∆ | F * G}.
2.2. Commutative algebra. Let k be a field, let R = k[x1, . . . , xn] be a standard graded polyno-
mial ring over n variables.
Definition 2.1. Let M be a finitely generated graded R-module and let
0 −→
⊕
j∈Z
R(−j)βp,j(M) −→
⊕
j∈Z
R(−j)βp−1,j(M) · · · −→
⊕
j∈Z
R(−j)β0,j(M) −→M −→ 0
be its minimal free resolution. The symbol βi,j(M) denotes the number of copies of R(−j) ap-
pearing in the ith step of the minimal free resolution of M and we call βi,j(M) the graded Betti
number of M. Graded Betti numbers of M are also given by βi,j(M) = dimk Tori(M,k)j . There are
several important invariants associated to Betti numbers of M such as the regularity, the projective
dimension and the depth. The Castelnuovo-Mumford regularity (or, simply regularity) of M can
be defined by
reg(M) = max{j − i : βi,j(M) 6= 0},
the projective dimension of M is defined by
pd(M) = max{i : βi,j(M) 6= 0},
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and the depth of M can be written as
depth(M) = n− pd(M)
by the Auslander-Buchsbaum formula.
Below, we recall the definition of polarization of a monomial ideal (for more details, see [23]).
Definition 2.2. [23, Construction 21.7] Let R = k[x1, . . . , xn] be a polynomial ring over a field k.
Given a n-tuple a = (a1, . . . , an) ∈ Zn≥0, let xa denote the monomial xa11 · · ·xann ∈ R.
(1) The polarization of xa is defined to be (xa)pol, where (•)pol replaces xaii by a product of
distinct variables
∏ai
j=1 xi,j .
(2) Let I = (xa1 , . . . ,xar) ⊆R be a monomial ideal. The polarization of I is defined to be the
ideal Ipol = ((xa1)pol, . . . , (xar)pol) in a new polynomial ring Rpol = k[xi,j | 1 ≤ i ≤ n, 1 ≤
j ≤ pi], where pi is the maximum power of xi appearing in xa1 , . . . ,xar .
3. Mixed Wreath Products of Simplicial Complexes
3.1. One-point suspensions and reduced joins. The building blocks of the mixed wreath
product construction are the one-point suspension and reduced join operations. In this subsection,
we consider these two operations along with their properties.
Definition 3.1. Let ∆ be a simplicial complex and v be a vertex in ∆. The one-point suspension
of ∆ with respect to v, denoted by ∆(v), is the simplicial complex
∆(v) :=
(
{{v1}, {v2}} ∗ (∆ \ {v})
)
∪
(
{v1, v2} ∗ link∆(v)
)
(3.1)
where v1 and v2 are two copies of the vertex v that are not contained in ∆.
This operation was first introduced in [24] by Provan and Billera. Authors of [24] called ∆(v) the
simplicial wedge of ∆ on v and named the operation “simplicial wedge.” Throughout the paper,
we use one-point suspension to refer to this operation.
Figure 1. Simplicial complex ∆
Figure 2. ∆(v1)
Example 3.2. Let ∆ be the disjoint union of two points given in Figure 1 with facets {v1}, {v2}.
One-point suspension ∆(v1) has three vertices {v11, v12, v2}. Since link∆(v1) = ∅, and ∆ \ {v1} =
{v2}, by (3.1),
∆(v1) =
(
{{v11}, {v12}} ∗ {v2}
)
∪
(
{v11, v12} ∗ ∅
)
= {v11, v12} ∪ {v11, v2} ∪ {v12, v2}
which is the boundary of a two-simplex as given in Figure 2.
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Remark 3.3. The facets of ∆(v) are closely related to facets of ∆ and they depend whether a
facet of ∆ contains v or not. Let F be a facet of ∆, then
• if F does not contain v, we have F ∪ {v1} and F ∪ {v2} as facets of ∆(v), and,
• if v ∈ F, then (F \ {v}) ∪ {v1, v2} is a facet of ∆(v).
Every minimal non-face of ∆(v) containing v1 also contains v2 and vice versa. Furthermore, a
minimal non-face {vi1 , . . . , vik} of ∆ with vij 6= v remains a minimal non-face of ∆(v). One can
reverse the one-point suspension operation to obtain ∆ from ∆(v), more specifically, simplicial
complex ∆ is the link of v2 in ∆(v) by setting v1 = v.
Remark 3.4. There is an equivalent definition for one-point suspension and structure of this
definition exploits the combinatorial relation between ∆ and ∆(v). In particular, we observe that
standard suspension and one-point suspension of a simplicial complex ∆ are combinatorially related.
Let {v1, v2} be the copies of v in ∆(v) and let ∆1 be the full simplex on vertices {v1, v2} with
∂∆1 = {{v1}, {v2}}.
∆(v) =
(
(∂∆1 ∗∆) \ (∂∆1 ∗ st∆(v))
)
∪
(
∆1 ∗ link∆(v)
)
(3.2)
Note that ∂∆1 ∗ ∆ is the standard suspension of ∆. It follows from Equation (3.2) that ∆(v) is
obtained from ∂∆1 ∗ ∆ by a bistellar flip which removes ∂∆1 ∗ st∆(v) from ∂∆1 ∗ ∆ and inserts
∆1 ∗ link∆(v) instead. (see [16] for a definition and further references on bistellar flips). Then
susp(∆) and ∆(v) are PL-homeomorphic by [21] (see [15] for the definition of a PL-homeomorphism
and more details in PL-topology).
One-point suspension is an operation that can be applied iteratively to a simplicial complex and
its one-point suspensions. In particular, one point-suspension is a commutative operation when it
is applied with respect to two different vertices of ∆.
Proposition 3.5. Let ∆ be a simplicial complex with at least two (distinct) vertices v1 and v2. The
one-point suspension is a commutative operation, i.e.,
(∆(v1))(v2) = (∆(v2))(v1).
Proof. Let {v1, v2, . . . , vn} be the set of vertices of ∆ where V (∆(v1)) = {v11, v12, v2, . . . , vn} and
V ((∆(v1))(v2)) = {v11, v12, v21, v22, v3, . . . , vn}. It follows from Remark 3.3 that, for all facets F of
∆, facets of ∆(v1) are of either (F \{v1})∪{v11, v12} if v1 ∈ F, or F ∪{v11} and F ∪{v12} if v1 /∈ F.
Similarly, facets of (∆(v1))(v2) can be determined transitively via facets F of ∆. In particular, all
facets of (∆(v1))(v2) are in one of following forms.
• (F \ {v1, v2}) ∪ {v11, v12} ∪ {v21, v22} if v1, v2 ∈ F,
• (F \ {v2}) ∪ {v11} ∪ {v21, v22} or (F \ {v2}) ∪ {v12} ∪ {v21, v22} if v1 /∈ F but v2 ∈ F,
• (F \ {v1}) ∪ {v11, v12} ∪ {v21} or (F \ {v1}) ∪ {v11, v12} ∪ {v22} if v1 ∈ F but v2 /∈ F,
• F ∪ {v11} ∪ {v21}, F ∪ {v11} ∪ {v22}, F ∪ {v12} ∪ {v21}, or F ∪ {v12} ∪ {v22} if v1, v2 /∈ F.
The roles of v1 and v2 can be exchanged and the result follows. 
Next, we consider the case when the iterative one-point suspension is applied with respect to a
vertex and its copies in the one-point suspension.
Remark 3.6. Let ∆ be a simplicial complex with vertex v and let {v1, v2} be copies of v in ∆(v).
One-point suspension of ∆(v) with respect to v1 or v2 produces the same simplicial complex.
6
Consider the simplicial complexes (∆(v))(v1) and (∆(v))(v2) which are one-point suspensions of
∆(v) with respect to v1 and v2, respectively. Let {v1,1, v1,2} be copies of v1 in (∆(v))(v1) and
{v2,1, v2,2} be copies of v2 in (∆(v))(v2). It is immediate that
(∆(v))(v1) = (∆(v))(v2)
by identifying v1,i = v2,i for i = 1, 2.
In addition, by renaming v and its copies in ∆(v)(v1) as v11, v12, v13, we have
(∆(v))(v1) =
(
{{v11, v12}, {v11, v13}, {v12, v13}} ∗ (∆ \ {v})
)
∪
(
{v11, v12, v13} ∗ link∆(v)
)
=
(
(∂∆2 ∗∆) \ (∂∆2 ∗ st∆(v))
)
∪
(
∆2 ∗ link∆(v)
)
.
Therefore, by comparing the above equality with Equation (3.2), one can see that a higher dimen-
sional analog of one-point suspension makes sense and it can be considered as iterated one-point
suspensions of ∆ with respect to v and copies of v that are generated in each intermediate step
(regardless of which copy is chosen). In [17], authors introduced the reduced join operation to
address such iterated one-point suspensions and we recall it below.
Definition 3.7. [17, Definition 3.4] Let ∆ be a simplicial complex and v be a vertex of ∆. The
reduced join of ∆ with ∂∆d, the boundary of a full d-simplex ∆d, with respect to v is the simplicial
complex
∂∆d ∗v ∆ =
(
(∂∆d ∗∆) \ (∂∆d ∗ st∆(v))
)
∪
(
∆d ∗ link∆(v)
)
.
Note that this operation is equivalent to d-iterated one-point suspension of ∆ with respect to v and
its copies from intermediate steps. It follows from Remark 3.3 that facets of ∂∆d ∗v ∆ are of the
following form
(F \ {v}) ∪
⋃
v∈F
{v0, v1, . . . , vd} ∪
⋃
v/∈F
{v0, v1 . . . , v̂i, . . . , vd}
for each facet F of ∆. Practically, reduced join operation (or d- iterated application of one-point
suspension to v) replaces vertex v with a full d-simplex and connects its boundary to ∆ \ {v}.
Similar to the discussion in Remark 3.4, the reduced join ∂∆d ∗v ∆ is obtained from join ∂∆d ∗∆
by a generalized bistellar flip and both simplicial complexes are PL-homeomorphic.
As an immediate consequence of Proposition 3.5, the reduced join is a commutative operation
because it is an iterated application of one-point suspension with respect to a vertex and its copies
from each iteration.
Corollary 3.8. [17, Proposition 3.8] Let ∆ be a simplicial complex with at least two (distinct)
vertices v1 and v2. The reduced join operation is a commutative operation, i.e.,
∂∆d1 ∗v1 (∂∆d2 ∗v2 ∆) = ∂∆d2 ∗v2 (∂∆d1 ∗v1 ∆)
for d1, d2 ≥ 1.
3.2. Mixed wreath products of simplicial complexes. The mixed wreath product of a simpli-
cial complex generates a highly symmetric simplicial complex from a given one. Resulting simpli-
cial complex preserves various interesting combinatorial and topological properties of the original
simplicial complex. In this subsection, we investigate several of these properties such as vertex
decomposability, shellability, constructibility, and Cohen-Macaulayness by following the work of
Joswig and Lutz [17]. In the literature, mixed wreath products were also studied in [1] from a toric
topology point of view.
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Definition 3.9. Let ∆ be a simplicial complex with n vertices, say V (∆) = {v1, . . . , vn}, and let
(d1, d2, . . . , dn) be a sequence of positive integers. Let ∂∆di denote the boundary of a full di-simplex
∆di for each i. The mixed wreath product ∂∆(d1,...,dn) o∆ of ∆ is defined as follows.
The vertices of ∂∆(d1,...,dn) o∆ are obtained by taking (di+1) copies, say vi,0, vi,1, . . . , vi,di , of vertex
vi for each 1 ≤ i ≤ n.
V (∂∆(d1,...,dn) o∆) =
n⋃
i=1
{vi,0, . . . , vi,di}
The facets of ∂∆(d1,...,dn) o∆ arise from facets of ∆. In particular, facets of ∂∆(d1,...,dn) o∆ are all
those subsets of V (∂∆(d1,...,dn) o∆) of the form
F =
⋃
vi∈F
{vi,0, . . . , vi,di} ∪
⋃
vj /∈F
{vj,0, . . . , v̂j,k, . . . , vj,dj},
where F is a facet of ∆. In the above expression {vj,0, . . . , v̂j,k, . . . , vj,dj}, one of the vertices
{vj,0, . . . , vj,dj} is omitted for the vertices vj /∈ F. Note that dim(F) =
∑n
i=1 di + dim(F ).
Remark 3.10. The dimension of the wreath product is
n∑
i=1
di+dim(∆). Thus, the wreath product
∂∆(d1,...,dn) o∆ is pure if and only if ∆ is pure.
Figure 3. one facet of ∆ Figure 4. one facet of ∂∆(2,1,2,1,3,3) o∆
Example 3.11. In Figure 4, we display one facet (in green) of the 14-dimensional simplicial
complex ∂∆(2,1,2,1,3,3) o ∆ where ∆ is the octahedron given in Figure 3. This facet arises from
the upper front triangle {x1, x2, x6} of the octahedron. Each vertex in the upper triangle of ∆
contributes a full simplex ∆2,∆1, and ∆3, in order, to a facet of the mixed wreath product and
each of the remaining vertices x3, x4, x5 contribute boundaries ∂∆2, ∂∆1, and ∂∆3, in order.
Note that the mixed wreath product is obtained from ∆ by successive reduced joins (in arbitrary
order) with ∂∆di with respect to vi for all the vertices of ∆. Practically, one can obtain the mixed
wreath product of ∆ by replacing each vertex vi with a full di-simplex and joining the boundary
of the full simplex to the rest of the “new” simplicial complex.
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Remark 3.12. The wreath product, defined in [17, Definition 3.5] and denoted by ∂∆d o ∆, is a
special case of the mixed wreath product. More specifically, ∂∆(d1,...,dn) o∆ = ∂∆d o∆ when di = d
for all 1 ≤ i ≤ n.
Remark 3.13. If each di = 0 for 1 ≤ i ≤ n, then ∂∆(d1,...,dn) o∆ = ∆ and ∂∆(d1,...,dn) o∆ = ∆d1
if ∆ is a point. Also, if ∆ is a full simplex on n vertices, then ∂∆(d1,...,dn) o∆ is a full simplex on
d1 + · · ·+ dn + n vertices.
Recall that the f-vector of a d-dimensional simplicial complex ∆ is the sequence
f(∆) = (f0, f1, . . . , fd)
where fi is the number of i-dimensional faces of ∆ for 0 ≤ i ≤ d.
Proposition 3.14. Given a d-dimensional simplicial complex ∆ on n vertices, the f -vector of the
mixed wreath product ∂∆(d1,...,dn) o∆ can be expressed in terms of f -vectors of ∆. In particular, we
have
f0(∂∆(d1,...,dn) o∆) =
n∑
i=1
di + f0(∆), and
fd˜ (∂∆(d1,...,dn) o∆) =
fd(∆)∑
i=1
n−d−1∏
j=1
(di,j + 1)
where d˜ := dim(∂∆(d1,...,dn) o ∆) =
∑n
i=1 di + d and complement of Fi is a set {vi,1, . . . , vi,n−d−1}
for each d-dimensional facet Fi for 1 ≤ i ≤ fd(∆).
Proof. It follows from the definition that the vertex set of the mixed wreath product ∂∆(d1,...,dn) o∆
is formed by taking di + 1 copies of vertex vi of ∆ for each 1 ≤ i ≤ n. Hence, f0(∂∆(d1,...,dn) o∆) =∑n
i=1 di + f0(∆).
Recall that dim(∂∆(d1,...,dn) o∆) =
∑n
i=1 di + dim(∆) where dim(∆) = d. The facets of the mixed
wreath product are obtained from facets of ∆ and each facet of the mixed wreath product are of
the following form ⋃
vi∈F
{vi,0, . . . , vi,di} ∪
⋃
vj /∈F
{vj,0, . . . , v̂j,l, . . . , vj,dj}.
Let fd(∆) = k and F1, . . . , Fk be the d-dimensional facets of ∆. For vj ∈ Fi, we have the full dj-
simplex ∆dj and for vj /∈ Fi, we have each facet of boundary of a full dj-simplex ∆dj contributing to a
facet of the mixed wreath product. Let F ci be the complement of Fi where F
c
i = {vi,1, . . . , vi,n−d−1}.
Then, for each Fi, there are
∏n−d−1
j=1 (di,j + 1) facets of the mixed wreath product since ∂∆dj has
dj + 1 facets. Therefore, we have in total
∑k
i=1
∏n−d−1
j=1 (di,j + 1) many facets of top dimension in
the mixed wreath product.
One can also obtain a formula for each fi(∂∆(d1,...,dn) o ∆) when 1 < i < dim(∂∆(d1,...,dn) o ∆) in
terms of the f -vectors of ∆. However, computations for the intermediate f -vectors is more complex
and tedious, therefore, we do not provide the explicit descriptions of the intermediate f -vectors for
the sake of abbreviation. 
In the remainder of this subsection, we focus on combinatorial properties of mixed wreath products
such as vertex-decomposability, shellability, constructibility.
Definition 3.15. Let ∆ be a d-dimensional simplicial complex.
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• A simplicial complex ∆ is recursively defined to be vertex decomposable if it is either a
simplex or else has some vertex v so that
(1) both ∆ \ {v} and link∆(v) are vertex decomposable, and
(2) no face of link∆(v) is a facet of ∆ \ {v}.
Vertex decompositions were introduced in the pure case by Provan and Billera in [24] and extended
to non-pure complexes by Bjo¨rner and Wachs [4, Section 11] where they also defined shellable
simplicial complexes in the non-pure set up.
• Shellability is a way of putting together a simplicial complex while its faces fit together
nicely. More precisely, a simplicial complex ∆ is shellable if its facets can be ordered
F1, . . . , Ft such that for all 1 ≤ i < j ≤ t, there exists some v ∈ Fj \ Fi and some l ∈
{1, . . . , j − 1} with Fj \ Fl = {v}.
• ∆ is constructible if either ∆ is a simplex or there are two d-dimensional subcomplexes ∆1
and ∆2 of ∆ such that their union is ∆ and ∆1 ∩∆2 is constructible (d − 1)-dimensional
simplicial complex.
• (Reisner’s Criterion) ∆ is Cohen-Macaulay if H˜i(link∆(F ); k) = 0 for all faces F and i <
dim(link∆(F )) where k is any field. It is a well-known fact that any Cohen-Macaulay
complex is pure.
For pure simplicial complexes the following implications are strict (see [3]).
vertex decomposable =⇒ shellable =⇒ constructible =⇒ Cohen-Macaulay
If one drops the pureness condition and replaces Cohen-Macaulay with sequentially Cohen-Macaulay,
above implications still hold (see [3]).
In [17], it was shown that vertex-decomposability, shellability, and constructibility properties are
preserved under the wreath product construction. Below, we generalize their results [17, Corollaries
4.2, 4.5, and 4.7] to mixed wreath products.
Corollary 3.16. Let P be one of the following properties of a simplicial complex.
(1) vertex-decomposable,
(2) shellable, or
(3) constructible.
The mixed wreath product of ∆ is P if and only ∆ is P.
Proof. Recall that the mixed wreath product of a simplicial complex ∆ is obtained by iterative
applications of one-point suspensions. Let ∆(v) be a one-point suspension of ∆ with respect to
v ∈ ∆. Since ∆(v) is
• vertex-decomposable if and only if ∆ is vertex decomposable by [24, Proposition 2.5],
• shellable if and only if ∆ is shellable by [17, Proposition 4.3],
• constructible if and only if ∆ is constructible by [17, Proposition 4.6],
the mixed wreath product of ∆ preserves the above properties if and only if ∆ satisfies those
properties. 
We wish to point out that this list of properties can be extended and it is far from being an
exhaustive list of properties which are preserved under the mixed wreath product construction.
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Remark 3.17. It is due to Munkres [20] that Cohen-Macalayness over a field is a topological
property and the same work implies that one-point suspension of a Cohen-Macaulay simplicial
complex is again a Cohen-Macaulay (also discussed in [17]). Since ∆ appears as a link in ∆(v),
then ∆ must be Cohen-Macaulay for ∆(v) to be Cohen-Macaulay. Thus, Cohen-Macaulayness is a
topological property shared by both ∆ and its mixed wreath products.
Remark 3.18. It can also be shown that the mixed wreath product preserves topological properties
such as being a cone, non-evasiveness, collapsibility, contractibility, Z-acyclicity. (see [17, Section
4.1]).
4. Weighted Simplicial Complexes
In this section, we focus on weighted simplicial complexes and propose a new approach to study
them by introducing the polarization operation. Application of polarization to a weighted simplicial
complex results with a mixed wreath product of the underlying simplicial complex.
Definition 4.1. Let ∆ be a simpicial complex on the vertex set V = {x1, . . . , xn} and let w : V → N
be a function called weight function which assigns a weight to each vertex of ∆. Let wi := w(xi)
for each i ∈ [n].
A vertex-weighted simpicial complex is a pair (∆, w) consisting of a simplicial complex ∆ and a
weight function w on the set of vertices of ∆. For the remainder of the paper, we drop the term
vertex and we read (∆, w) as a weighted simplicial complex.
A weighted analog of Stanley-Reisner correspondence can be established by defining Stanley-Reisner
ideals for weighted simplicial complexes.
Definition 4.2. Let (∆, w) be a weighted simplicial complex on the vertex set V = {x1, . . . , xn}
with a weight function w. The Stanley-Reisner ideal of (∆, w) is the ideal I(∆,w) of R = k[x1, . . . , xn]
which is generated by those monomials xF with F /∈ ∆, in other words,
I(∆,w) = (xF : F ∈ N (∆))
where xF :=
∏
xi∈F
xwii .
Notation 4.3. We use x1, x2, . . . to denote both vertices of a (weighted) simplicial complex and
variables of a polynomial ring R in this section. For simplicity, we use a, b, c, . . . for variables and
vertices in the examples.
Figure 5. Weighted simplicial complex
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Example 4.4. Let (∆, w) be the weighted simplicial complex in Figure 5 on the vertices {a, b, c, d}
with weights (3, 4, 5, 2), in order. The Stanley-Reisner ideal of (∆, w) in k[a, b, c, d] is
I(∆,w) = (a
3b4c5, a3d2, b4d2, c5d2).
4.1. Polarization of weighted simpicial complexes. Polarization is a technique first used by
Hartshorne in [11] and, following his work, it became a popular tool in the study of monomial ideals.
Polarization construction for weighted simplicial complexes borrows ideas from the polarization of
monomial ideals and it is defined as follows.
Definition 4.5. Let (∆, w) be a weighted simplicial complex on n vertices. The polarization of
(∆, w), denoted by (∆, w)pol, is a simplicial complex on the new vertex set V pol = {xi,j : 1 ≤ i ≤
n, 1 ≤ j ≤ wi} where wi is the weight of xi for each i ∈ [n].
• The minimal non-faces of (∆, w)pol are all those subsets of the form⋃
xi∈F
{xi,1, . . . , xi,wi}
where F is a minimal non-face of ∆.
• The facets of (∆, w)pol are all those subsets of V pol of the form⋃
xi∈F
{xi,1, . . . , xi,wi} ∪
⋃
xj /∈F
{xj,1, . . . , x̂j,k, . . . , xj,wj}
where F is a facet of ∆.
Fact 4.6. Let (∆, w) be weighted simplicial complex on n vertices. The polarization of (∆, w) is
the mixed wreath product of ∆. More specifically,
(∆, w)pol = ∂∆(w1−1,...,wn−1) o∆.
Figure 6. (∆, w) Figure 7. (∆, w)pol
Example 4.7. In Figure 6, given weighted simlicial complex is a full triangle with the weights
(1, 2, 3). Then its polarization is a full 5-simplex displayed in Figure 7. In the polarization complex,
we use the color of a vertex to denote the full simplex replacing that vertex.
Example 4.8. Let (∆, w) the weighted simplicial complex given in Figure 8.
The only minimal non-face of the polarization (∆, w)pol is {a1, a2, a3, a4, b}. Thus (∆, w)pol is the
boundary of a pentachoron, full 4-simplex, given in Figure 9.
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Figure 8. (∆, w)
Figure 9. (∆, w)pol
Note that (I(∆,w))
pol = (a4b)pol = (a1a2a3a4b) = I(∆,w)pol .
Compared to the literature on the combinatorial and topological properties of simplicial complexes,
we have very little information regarding the nature of weighted simplicial complexes. By using
the established literature on simplicial complexes, we can view weighted simplicial complexes as
combinatorial and topological objects through their underlying simplicial complexes and their po-
larizations.
Definition 4.9. Let (∆, w) be a weighted simplicial complex and P be a combinatorial or a
topological property. We say (∆, w) satisfies property P if and only if both ∆ and (∆, w)pol satisfy
P.
Remark 4.10. A weighted simplicial complex satisfies all the properties which are preserved under
the mixed wreath product construction. In particular, as a result of Corollary 3.16, Remark 3.17 and
Remark 3.18, one can take property P in Definition 4.9 to be vertex-decomposability, shellability,
or constructibility, non-evasiveness, collapsibility among other properties.
Next we consider the relationship between monomial polarization operation and polarization of a
weighted simplicial complex. There is a natural connection between the two polarizations through
Stanley-Reisner ideals.
Corollary 4.11. Let (∆, w) be a weighted simplicial complex on vertices {x1, . . . .xn} with its
polarization (∆, w)pol where R = k[x1, . . . , xn] and R
pol = k[xi,j : 1 ≤ i ≤ n, 1 ≤ j ≤ wi]. Then
I(∆,w)pol = (I(∆,w))
pol.
Proof. It follows immediately from the definitions of polarization of a monomial ideal and a weighted
simplicial complex. 
A monomial ideal and its polarization share many homological and algebraic properties. Thus,
as an immediate consequence of Corollary 4.12 and [12, Corollary 1.6.3], we have the following
relations.
Corollary 4.12. Let (∆, w) be a weighted simplicial complex on vertices {x1, . . . .xn} with its
polarization (∆, w)pol where R = k[x1, . . . , xn] and R
pol = k[xi,j : 1 ≤ i ≤ n, 1 ≤ j ≤ wi]. Then
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(a) βi,j(I(∆,w)) = βi,j(I(∆,w)pol) for all i and j.
(b) Hilb(R/I(∆,w), t) = (1− t)ρHilb(S/I(∆,w)pol , t) where ρ = (
∑n
i=1wi)− n.
(c) ht I(∆,w) = ht I(∆,w)pol .
(d) pd I(∆,w) = pd I(∆,w)pol and reg I(∆,w) = reg I(∆,w)pol .
(e) R/I(∆,w) is Cohen-Macaulay (resp. Gorenstein) if and only if R
pol/I(∆,w)pol is Cohen-
Macaulay (resp. Gorenstein).
Remark 4.13. It follows from part (e) of the Corollary 4.12 and Remark 3.17 that R/I(∆,w) is
Cohen-Macaulay if and only if R/I∆ is Cohen-Macaulay.
We conclude this chapter with the following question which serves as the main motivation behind
the next chapter.
Question 4.14. What other algebraic relations can be established between R/I(∆,w) and R/I∆?
5. Weighted Monomial Ideals
In the previous chapter, the weight function defined on the set of vertices enabled us to obtain a
non-squarefree monomial ideal from a given squarefree monomial ideal, namely, the Stanley-Reisner
ideal of a simplicial complex. One can generalize this procedure to any monomial ideal and obtain
a highly “symmetrical” monomial ideal. We achieve this by defining a weight function on the set
of variables of a polynomial ring.
Definition 5.1. Let R = k[x1, . . . , xn] be a polynomial ring and w : {x1, . . . , xn} → N be a
function. We call w a weight function on the set of variables of R and use wi to denote the value of
the function w at variable xi. Throughout the paper, we read the notation wi as the weight of xi.
Definition 5.2. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and w be a weight function on
{x1, . . . , xn}. The weighted ideal of I with respect to w is denoted by (I, w) and defined as
(I, w) = (xw(b) : xb ∈ G(I))
where w(b) = (w1b1, . . . , wnbn) for an exponent vector b = (b1, . . . , bn) ∈ Nn.
Example 5.3. Let I = (x1x2, x2x3x4, x5) ⊆ k[x1, . . . , x5] and let (2, 3, 4, 5, 2) be the weights of the
variables, in order. Then weighted ideal of I is
(I, w) = (x21x
3
2, x
3
2x
4
3x
5
4, x
2
5).
Weight functions defined on vertices of a simplicial complex and variables of a polynomial ring
coincide by identifying vertices {x1, . . . , xn} of a simplicial complex ∆ with variables of a polynomial
ring R = k[x1, . . . , xn]. As a result of this identification, notions of the Stanley-Reisner ideal of
(∆, w) agree with the weighted ideal of the Stanley-Reisner ideal of ∆.
Corollary 5.4. Let (∆, w) be a weighted simplicial complex with weight function w on the vertices
of simplicial complex ∆. Then
I(∆,w) = (I∆, w).
Due to this connection, we can establish a weighted version of the one-to-one correspondence
between squarefree monomial ideals and simplicial complexes.
{simplicial complexes} {squarefree monomial ideals}
{weighted simplicial complexes} {weighted squarefree monomial ideals}
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5.1. Betti numbers of monomial ideals and their weighted ideals. In the study of alge-
braic invariants of any monomial ideal I, upper Koszul simplicial complexes introduced in [2] are
commonly used objects to investigate Betti numbers of I. We recall the definition of this simplicial
complex below.
Definition 5.5. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and let b = (b1, . . . , bn) ∈ Nn be
a Nn-graded degree. The upper-Koszul simplicial complex associated to I at degree b, denoted by
Kb(I), is the simplicial complex over V = {x1, . . . , xn} whose faces are{
W ⊆ V | xb−τ ∈ I
}
where xb = xb11 · · ·xbnn and xτ = xτ11 · · ·xτnn =
∏
xi∈W
xi for a squarefree vector τ ∈ {0, 1}n.
One can compute the multigraded Betti numbers of a monomial ideal I ⊆ R by using the following
version of Hochster’s formula from [2].
βi,b(I) = dimk H˜i−1(Kb(I); k) for i ≥ 0 and b ∈ Nn. (5.1)
Note that graded and multigraded Betti numbers are related, i.e., βi,j(I) =
∑
b∈Nn,|b|=j
βi,b(I).
Remark 5.6. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and b ∈ Nn. Suppose that xb is not
the least common multiple of some subset of the minimal monomial generators of I. Then Kb(I) is
a cone over some subcomplex. Thus all non-zero Betti numbers occur in Nn-graded degrees b for
which xb equals at least a common multiple of some minimal generators. In the case of squarefree
monomial ideals all non-zero Betti numbers lie in squarefree degrees.
We first investigate the connection between upper Koszul complexes of a monomial ideal and its
weighted ideal. It turns out that they are equal when degrees are adjusted according to weight
values.
Lemma 5.7. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and (I, w) be its weighted ideal in R.
For any b ∈ Nn, we have
Kb(I) = Kw(b)((I, w))
where w(b) = (w1b1, . . . , wnbn).
Proof. Let W ⊆ {x1, . . . , xn} be a face in Kb(I) with xτ =
∏
xi∈W xi such that x
b−τ ∈ I. Then
there exists xa ∈ G(I) dividing xb−τ , in particular, xaii divides xbi−τii for each i ∈ [n]. Thus xwiaii
divides xwibi−wiτii for each i ∈ [n] and we conclude that xw(b)−w(τ) is divisible by xw(a). Therefore,
xw(a) ∈ G((I, w)) divides xw(b)−τ and W must be a face in ∈ Kw(b)((I, w)).
To prove the reverse inclusion, let W be a face in Kw(b)((I, w)) with xτ =
∏
xi∈W xi for τ ∈ {0, 1}n.
Then there exists xw(a) ∈ G((I, w)) where xa ∈ G(I) such that xw(a) divides xw(b)−τ . This implies
that xwiaii divides x
wibi−τi
i which is equivalent to wiai ≤ wibi− τi for each i ∈ [n]. Since τ ∈ {0, 1}n,
each τi is either 0 or 1. If τi = 0, then ai ≤ bi− τi and if τi = 1, we have ai < bi which is equivalent
to ai ≤ bi−τi. Thus ai ≤ bi−τi for all i and xa must divide xb−τ . Hence, W is a face in Kb(I). 
As a corollary of the previous lemma, we can establish the following relationship between the Betti
numbers of an ideal and its weighted ideal by using (5.1).
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Corollary 5.8. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and (I, w) be its weighted ideal in
R. Then
βi,(j1,...,jn)(I) = βi,(w1j1,...,wnjn)((I, w))
for each (j1, . . . , jn) ∈ Nn.
Above relationship between the Betti numbers of I and (I, w) indicates equivalence of certain
algebraic invariants and properties of a monomial ideal and its weighted ideal.
Corollary 5.9. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and (I, w) be its weighted ideal in
R. Then
(a) pd((I, w)) = pd(I) and depth((I, w)) = depth(I).
(b) R/(I, w) is Cohen-Macaulay if and only if R/I is Cohen-Macaulay.
Proof. Equality of projective dimensions follows from Corollary 5.8. Since the projective dimensions
are the same, we obtain the equality of depths from the Auslander-Buchsbaum formula.
Ideals I and (I, w) have the same radical ideal, thus their heights are equal and dim(R/(I, w)) =
dim(R/I). Since depth((I, w)) = depth(I), Cohen-Macaulayness is preserved under the weighting
operation. 
5.2. Associated primes of monomial ideals and their weighted ideals. In this subsection,
we investigate the relationship between associated primes and primary decomposition of monomial
ideals and their weighted ideals.
A primary decomposition of an ideal can be thought as an analogue of the unique factorization
of integers to Noetherian rings. Primary decompositions of an ideal carries several important
information about the ideal such as its associated primes, minimal primes, embedded primes,
symbolic powers. However, finding a primary decomposition for an ideal is a very difficult task,
indeed, it is an NP complete problem (see [14]). In the case of monomial ideals, structure of primary
decompositions is well understood.
Definition 5.10. Let R be a Noetherian ring and M be a finitely generated R-module. A prime
ideal p in R is called an associated prime ideal of M, if there exists an element x ∈ M such that
p = Ann(x) where Ann(x) denotes the annihilator of x, i.e., Ann(x) = {r ∈ R : rx = 0}.
The set of associated prime ideals of M is denoted by Ass(M) (see [13] for definitions of primary
decomposition, minimal prime, embedded prime and the remaining related terminology).
We recall the following fundamental fact about irredundant primary decomposition of monomial
ideals.
Theorem 5.11. [13, Theorem 1.3.1, and Proposition 1.3.7] Let I ⊂ R = k[x1, . . . , xn] be a mono-
mial ideal. Then I =
⋂k
i=1Qi, where each Qi is generated by pure powers of the variables, is an
irredundant primary decomposition of I. In other words, each Qi is of the form (x
a1
i1
, . . . , xarir ) and
P -primary component of I is the intersection of all Qi with Ass(Qi) = P where P = (xi1 , . . . , xir).
Moreover, an irredundant primary decomposition of this form is unique.
One of the algorithms to obtain the irredundant primary decomposition of a monomial ideal is
given in [13, Theorem 1.3.1]. In the following example, we demonstrate this algorithm.
Example 5.12. Let I = (x21x
3
2, x
3
2x
4
3, x
4
3x
2
1) ⊆ k[x1, x2, x3]. First step of the algorithm starts by
choosing a minimal monomial generator that is not generated by pure powers of a subset of variables.
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Thus we may choose any generator of I in the first step. Next steps of the decomposition follows
in the same fashion.
I = (x21x
3
2, x
3
2x
4
3, x
4
3x
2
1)
= (x21, x
3
2x
4
3, x
4
3x
2
1) ∩ (x32, x32x43, x43x21) = (x21, x32x43) ∩ (x32, x43x21)
= (x21, x
3
2) ∩ (x21, x43) ∩ (x32, x43) ∩ (x32, x21)
= (x21, x
3
2) ∩ (x21, x43) ∩ (x32, x43).
Let J = (x1x2, x2x3, x3x1). Ideals I and J are related through the weighting operation with the
weight function w such that w1 = 2, w2 = 3, w3 = 4. Furthermore, J has the following irredundant
primary decomposition.
J = (x1, x2) ∩ (x1, x3) ∩ (x2, x3)
Note that associated primes of I and J are equal. Moreover, irredundant primary decomposition
of I is obtained from that of J through weighing operation with respect to w.
In what follows, we show that the concluding remarks of the above example are true in general.
We first prove that associated primes of a monomial ideal I and its weighted ideal coincide.
Theorem 5.13. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and (I, w) be its weighted ideal in
R. Then
Ass(R/(I, w)) = Ass(R/I).
Proof. One side of the inclusion Ass(R/(I, w)) ⊆ Ass(R/I) is immediate from the fact that (I, w) ⊆
I. For the reverse inclusion, let p ∈ Ass(R/I). Then there exists a monomial m ∈ R such that
p = I : m. Note that p is generated by a subset of variables in R = k[x1, . . . , xn] and let xi be a
variable in p, set i = 1. Then x1m ∈ I. Let f ∈ G(I) such that
x1m = fm
′
for a monomial m′ in R.
Let f = xf,m = xm, and m′ = xm’ where f = (f1, . . . , fn),m = (m1, . . . ,mn),m′ = (m′1, . . . ,m′n) ∈
Nn. It is clear that x1 divides f and m′ is not divisible by x1. Otherwise, m ∈ I, a contradiction.
Thus, we have f1 ≥ 1 and m′1 = 0. Then
xm11 · · ·xmnn = xf1−11 xf2+m
′
2
2 · · ·xfn+m
′
n
n
where m1 = f1 − 1 and mi = fi +m′i for each i ∈ {2, . . . , n}.
Let F = xw1f11 . . . x
wnfn
n be the minimal generator of (I, w) corresponding to f ∈ G(I) and set
M =
∏n
i=1 x
wifi−fi
i . It follows from the construction of M that x1mM = Fm
′ ∈ (I, w).
We wish to show that mM /∈ (I, w). On the contrary, suppose mM ∈ (I, w). Then there exists
xw(b) ∈ G((I, w)) where xb ∈ G(I) such that xw(b) divides
mM = xw1f1−11 x
w2f2+m′2
2 · · ·xwnfn+m
′
n
n .
This means w1b1 ≤ w1f1 − 1 < w1f1 and wibi ≤ wifi + m′i ≤ wifi + wim′i for each i ∈ {2, . . . , n}.
Since wi ≥ 1 for each i, we conclude that b1 ≤ f1 − 1 = m1 and bi ≤ fi +m′i = mi. It implies that
xb divides m and m must be in I, a contradiction. Therefore, variable x1 is in (I, w) : mM for any
x1 in p. Thus p ∈ Ass(R/(I, w)), proving the reverse inclusion. 
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This result was also proved in [27, Lemma 3.9] by constructing multiple auxiliary lemmas and
considering primary decompositions as a starting point. In contrast, we first establish the equality
of associated primes by solely using the structure of associated primes and the weighted ideal. In
addition, our proof is considerably more compact.
Using the equality of associated primes as a base, we can conclude results in regards to primary
decompositions and normal torsion freeness.
Corollary 5.14. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and (I, w) be its weighted ideal in
R. If I =
⋂k
i=1Qi is the irredundant primary decomposition of I, then (I, w) =
⋂k
i=1(Qi, w) is the
irredundant primary decomposition of (I, w).
Proof. Let I =
⋂k
i=1Qi be the irredundant primary decomposition of I, where Qi is a Pi-primary
ideal for each i and Pi ∈ Ass(R/I). Note that ((J ∩K), w) = (J,w)∩ (K,w) for any two monomial
ideals in R. Thus, we have (I, w) =
⋂k
i=1(Qi, w) where each (Qi, w) is a Pi-primary ideal for each
i. Since Ass(R/(I, w)) = Ass(R/I), the decomposition (I, w) =
⋂k
i=1(Qi, w) is the irredundant
primary decomposition of (I, w). 
Another important notion of an ideal is normal torsion freeness which investigates associated primes
of an ideal and its powers.
Definition 5.15. An ideal I ⊆ R is called normally torsion free if Ass(R/Ik) ⊆ Ass(R/I) for all
k ≥ 1.
One can immediately see from Theorem 5.13 that normally-torsion freeness is preserved under the
weighting operation.
Corollary 5.16. Let I ⊆ R = k[x1, . . . , xn] be a monomial ideal and w be a weight function on the
variables of R. Then I is normally torsion free if and only if (I, w) is normally torsion free.
One of the interesting questions in commutative algebra is to determine when the ordinary and
symbolic powers of a given ideal coincide. In general, this question is open. In some known cases,
there are conditions on the ideal that are equivalent to the equality of the ordinary and symbolic
powers. We recall one such condition below (see [13] for definition of symbolic power of an ideal).
Proposition 5.17. [30, Proposition 3.3.26] Let I be an ideal of a ring R. If I has no embedded
primes, then I is normally torsion free if and only if Is = I(s) for all s ≥ 1.
Remark 5.18. It follows from Theorem 5.13 and Corollary 5.14 that embedded primes of I and
(I, w) coincide. Thus, when I has no embedded primes, we obtain another class of ideals, (I, w) for
any weight function w, in which equality of ordinary and symbolic powers is equivalent to normal
torsion freeness.
In the class of edge ideals, there is a nice combinatorial characterization ([29, Theorem 5.9]) for
normal torsion freeness of edge ideals (i.e., equality of ordinary and symbolic powers). In the
following example, we consider edge ideals of vertex-weighted graphs and accomplish the same
characterization for this class of ideals.
Example 5.19. Let G = (V,E) be a graph with the vertex set V = {x1, . . . , xn} and edge set E.
Edge ideal of G in R = k[x1, . . . , xn] is denoted by I(G) and it is defined as
I(G) = (xixj : {xi, xj} ∈ E).
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It is well-known that associated primes of I(G) are related to minimal vertex covers of G. In
particular, let C be the set of minimal vertex covers of G, then I(G) = ⋂F∈C QF is the irredundant
primary decomposition of I(G) where QF is the primary ideal (xi : xi ∈ F ). Moreover, I(G) has
no embedded primes since Ass(R/I(G)) = {(xi : xi ∈ F ) : F ∈ C}.
Let w be a weight function on the set of variables of R which is also a weight function defined on
the vertices of V. Consider the vertex-weighted graph G with the weight function w and denote it
by (G,w). Similar to the unweighted case, one can define the edge ideal of a vertex-weighted graph
as follows
I(G,w) = (xwii x
wj
j : {xi, xj} ∈ E).
It is clear that I(G,w) = (I(G), w) and, if wi = 1 for each i, we have I(G,w) = I(G).
As an application of Theorem 5.13, we see that associated primes of I(G,w) come from the minimal
vertex covers of G and I(G,w) has no embedded primes.
Normally torsion free edge ideals were classified in [29, Theorem 5.9] where it was shown that G
is bipartite if and only if its edge ideal I(G) is normally torsion free, equivalently, I(G)s has no
embedded primes for any s ≥ 1. Thus, we obtain the following weighted analogue of [29, Theorem
5.9] as a result of Corollary 5.16.
G is bipartite I(G) is normally torsion free
(G,w) is bipartite I(G,w) is normally torsion free
Therefore, by Proposition 5.17, we have I(G,w)s = I(G,w)(s) for all s ≥ 1 if and only if G is
bipartite.
We conclude the paper with the following questions.
Question 5.20. As concluded in Corollary 5.9, projective dimension and depth of a monomial
ideal and its weighted ideal are equal. Another important algebraic invariant, in general, is the
Castelnuovo-Mumford regularity. What kind of relations can be established for the regularity of a
monomial ideal and its weighted ideal?
Question 5.21. We have shown in Corollary 3.16 that vertex-decomposability, shellability, con-
structibility are preserved under the mixed wreath product construction. What other properties
are preserved under this construction?
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